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Abstract
The non-cyclic phase for neutrino oscillation is calculated, taking into consideration a possible 4th sterile flavor. This extends the results derived
in the paper by Xiang-Bin Wang et al. [X.-B. Wang, L.C. Kwek, Y. Liu, C.H. Oh, Phys. Rev. D 63 (2001) 053003] that discussed the non-cyclic
phase in 3-flavor neutrino oscillation. A mathematical simplification is also introduced, making use of some of the transformation properties of
the 4-flavor mixing matrix. The restriction that CPT symmetry imposes on the non-cyclic phase of neutrinos is also discussed briefly, with the
possibility of further simplification of these phases. The scheme that we introduced is also applicable to 3-flavor neutrinos, and could yield more
insights in 3-flavor mixing. Extending our result to ν to ν¯ oscillation could also help in resolving the issue concerning the Majorana or Dirac
nature of neutrinos.
© 2007 Elsevier B.V.
1. Introduction
In this short Letter we attempted to study flavor mixing in neutrinos by following the approach of examining the geometric phase
picked up by neutrinos created in a certain flavor after undergoing oscillation in vacuum to some final state. This is the approach
took up by authors such as [1], who calculated the Berry phase for neutrinos that undergo a full oscillation cycle and by others [2],
who generalized this result by evaluating the non-cyclic (geometric) phase, as defined in [3] and [4], that is accumulated at any
arbitrary stage during neutrino oscillation.
We extend the result of [2] to include 4-flavor (1 sterile and 3 active flavors) neutrino oscillation, which is postulated to describe
the mass square differences observed by the LSND Collaboration [5,6] which cannot be accommodated within the 3-flavor neutrino
mixing model without being in conflict with the well-established observations in the SK [7], SNO [8], KamLAND [9]and K2K [10]
experiments. Therefore a light sterile neutrino (νs ) has to be introduce to incorporated all the measured mass differences.
In the same spirit as [2], we derive the explicit formula for the non-cyclic Berry phase for 4-flavor neutrino oscillation, which
allows one to study the mixing angle and the CP-violating phases involved through measurement of this phase.
Part of this Letter will deal with simplification of the calculations of non-cyclic phase, which can be quite unmanageable when
applied to 4-flavor mixing as it involves a complex 4 × 4 mixing matrix. This is achieved by noticing some transformation properties
of the mixing matrix. Further simplification is possible by requiring that the non-cyclic phase be CPT invariant.
2. 4-flavor neutrino mixing
We now introduced the standard parameterization of 4-flavor neutrino mixing matrix V , explained in [6] (Xing) and [12], that
will be used throughout this discussion,
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
c01c02c03 c02c03sˆ∗01 c03sˆ∗02 sˆ∗03
−c01c02sˆ03sˆ∗13− c01c13sˆ02sˆ∗12− c12c13sˆ01
−c02sˆ∗01sˆ03sˆ∗13− c13sˆ∗01sˆ02sˆ∗12+ c01c12c13
−sˆ∗02sˆ03sˆ∗13+ c02c13sˆ∗12
c03sˆ∗13
−c01c02c13sˆ03sˆ∗23+ c01sˆ02sˆ∗12sˆ13sˆ∗23− c01c12c23sˆ02
+ c12sˆ01sˆ13sˆ∗23+ c23sˆ01sˆ12
−c02c13sˆ∗01sˆ03sˆ∗23+ sˆ∗01sˆ02sˆ∗12sˆ13sˆ∗23− c12c23sˆ∗01sˆ02− c01c12sˆ13sˆ∗23− c01c23sˆ12
−c13sˆ∗02sˆ03sˆ∗23− c02sˆ∗12sˆ13sˆ∗23+ c02c12c23
c03c13sˆ∗23
−c01c02c13c23sˆ03
+ c01c23sˆ02sˆ∗12sˆ13+ c01c12sˆ02sˆ23
+ c12c23sˆ01sˆ13
− sˆ01sˆ12sˆ23
−c02c13c23sˆ∗01sˆ03+ c23sˆ∗01sˆ02sˆ∗12sˆ13+ c12sˆ∗01sˆ02sˆ23− c01c12c23sˆ13
+ c01sˆ12sˆ23
−c13c23sˆ∗02sˆ03− c02c23sˆ∗12sˆ13− c02c12sˆ23
c03c13c23
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
;
where sˆij ≡ sin θij eiδij , cij ≡ cos θij . θij are the mixing angles (six of them) and δij are the CP-violating phases (6 of them). (i, j )
refers to (0,1), (0,2), (0,3), (1,2), (1,3) and (2,3).
V is understood to be applied in the following manner:
(2)
⎡
⎢⎣
υs
υe
υμ
υτ
⎤
⎥⎦=
⎡
⎢⎣
Vs0 Vs1 Vs2 Vs3
Ve0 Ve1 Ve2 Ve3
Vτ0 Vμ1 Vμ2 Vμ3
Vτ0 Vτ1 Vτ2 Vτ3
⎤
⎥⎦
⎡
⎢⎣
υ0
υ1
υ2
υ3
⎤
⎥⎦
whereby the column on the RHS represents the mass eigenstates and the column on the LHS, flavor eigenstate. νe , νμ, ντ represent
the active flavors, while νs the sterile flavor (this is a neutrino flavor that do not couple significantly with other particles in the
Standard Model, Xing [6]).
For the non-cyclic phase we adopt the following definition [2,3]:
(3)β = Arg
(〈
ψ(0)
∣∣ exp i
h¯
t∫
0
〈E〉(t ′) dt ′ ∣∣ψ(t)〉
)
,
where β is the non-cyclic phase, |ψ(0)〉 the initial state, and |ψ(t)〉 the state after time t . The factor, exp i
h¯
∫ t
0 〈E〉(t ′) dt ′, is to
remove the dynamic phase from the total phase accumulated in the process. Below we study the geometric phase accumulated by
the neutrino as it travels through free space. This approach is different from those examined in other papers (for example, [13]), as
the geometric phase arises directly from the mechanism of flavor mixing (Blasone [1]).
Consider as an example, the evolution of the sterile neutrino |νs(0)〉 to |νs(t)〉. The sterile neutrino state is given by:
(4)∣∣νs(0)〉= c01c02c03|ν0〉 + c02c03sˆ∗01|ν1〉 + c03sˆ∗02|ν02〉 + sˆ∗03|ν3〉.
After time t ,
∣∣νs(t)〉= e−iH t ∣∣νs(0)〉
(5)= c01c02c03e−iω0t |ν0〉 + c02c03sˆ∗01e−iω1t |ν1〉 + c03sˆ∗02e−iω2t |ν02〉 + sˆ∗03e−iω3t |ν3〉.
The factor exp i
h¯
∫ t
0 〈E〉(t ′) dt ′ is given by
exp
i
h¯
t∫
0
〈E〉(t ′) dt ′ = exp i(|c01c02c03|2ω0 + ∣∣c02c03sˆ∗01∣∣2ω1 + ∣∣c03sˆ∗02∣∣2ω2 + ∣∣sˆ∗03∣∣2ω3)t
(6)= exp i(c201c202c203ω0 + c202c203s201ω1 + c203s202ω2 + s203ω3)t.
Total phase accumulated 〈νs(0)|νs(t)〉 is
(7)〈νs(0)∣∣νs(t)〉= c201c202c203e−iω0t + c202c203s201e−iω1t + c203s202e−iω2t + s203e−iω3t .
Combining these results we get the non-cyclic phase:
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(
exp i
t∫
0
〈E〉(t ′) dt ′ 〈νs(0)∣∣νs(t)〉
)
= Arg[exp i(c202c203s201φ1 + c203s202φ2 + s203φ3)t(c201c202c203 + c202c203s201e−iφ1t + c203s202e−iφ2t + s203e−iφ3t)]
(8)= (c202c203s201φ1 + c203s202φ2 + s203φ3)t − tan−1 c202c203s201 sinφ1t + c203s202 sinφ2t + s203 sinφ3t
c201c
2
02c
2
03 + c202c203s201 cosφ1t + c203s202 cosφ2t + s203 cosφ3t
;
where φi = ωi − ω0, i = 1,2,3.
Note that by following this procedure, it is shown in general that non-cyclic phases of oscillating neutrinos depend only on the
mixing angles, CP-violating phases and mass differences φ (in the case of νs → νs , CP-violating phases are not presented).
This phase is physical and could be measured in principle, for example, in experiments [11] for neutrons. Since it is non-cyclic,
the experimental advantages mention in [2] is also valid here and one can obtain the non-cyclic geometric phases of neutrinos at
different stages of its oscillation and set up a set of simultaneous equations to deduce the various parameters in V as well as the
mass difference of neutrinos.
3. Some transformation properties of V
One can now calculate other terms such as 〈νe(0)| exp ih¯
∫ t
0 〈E〉(t ′) dt ′ |νe(t)〉, 〈νμ(0)| exp ih¯
∫ t
0 〈E〉(t ′) dt ′ |νμ(t)〉 and 〈ντ (0)| ×
exp i
h¯
∫ t
0 〈E〉(t ′) dt ′ |ντ (t)〉 as well as the “off-diagonal” terms such as 〈νe(0)| exp ih¯
∫ t
0 〈E〉(t ′) dt ′ |νs(t)〉, 〈νμ(0)| exp ih¯ ×∫ t
0 〈E〉(t ′) dt ′ |νs(t)〉, etc., if not for the formidable algebra involved. Therefore it would prove expedient to introduce some new
notation and observations made on V that will lead to simplification.
On closer inspection, it is noticed that when the transformation,
(9)eiδ23 × [(3rd row)]
θ23→θ23+ π2 → (4th row)
is made to the 3rd row of V , one gets the 3rd row. And similarly
(10)e−iδ01 × [(1st column)]
θ01→θ01− π2 → (2nd column).
We will also bring in the following:
(11)Aiαβ = VαiV ∗βi;
where α,β = s, e,μ, τ , i = 0, 1, 2, 3, which has the following properties:
(12)Aiβα = Aiαβ∗,
(13)
∑
i
Aiαβ = δαβ,
[
A0αβ
]
θ01→θ01− π2 = A
1
αβ,
(14)eiδ23 × [Aiμα]θ23→θ23+ π2 = Aiτα, α = μ or τ.
Eq. (12) follows from definition, Eq. (13) from the unitarity of V , while Eq. (14) from the transformation properties of V
mentioned earlier.
By employing properties (12)–(14), only 12 distinct Aiαβ out of the 64 possibilities need to be calculated. Moreover most Aiαβ
that are more complex maybe express in terms of simpler ones by applying (13).
These 12 distinct Aiαβ are given below:
A0ss = c201c202c203,
A0se = c01c02c03
(−c01c02sˆ∗03sˆ13 − c01c13sˆ∗02sˆ12 − c12c13sˆ∗01)
= − c201c202c03s03s13 exp i(δ13 − δ03) − c201c02c03c13s02s12 exp i(δ12 − δ02) − c01c02c03c12c13s01 exp i(−δ01),
A0sμ = − c201c202c03c13s03s23 exp i(δ23 − δ03) + c201c02c03s02s12s13s23 exp i(δ12 + δ23 − δ13)
− c201c02c03c12c23s02 exp i(−δ02) + c01c02c03c12s01s13s23 exp i(δ23 − δ01 − δ13)
+ c01c02c03c23s01s12 exp i(−δ01 − δ12),
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(−c01c02c13s03s23 cos(δ03 − δ23)c01s02s12s13s23 cos(δ02 + δ13 − δ12 − δ23) − c01c12c23s02 cos δ02
+ c12s01s13s23 cos(δ01 + δ13 − δ23) + c23s01s12 cos(δ01 + δ12)
)2 + (−c01c02c13s03s23 sin(δ03 − δ23)
+ c01s02s12s13s23 sin(δ02 + δ13 − δ12 − δ23) − c01c12c23s02 sin(δ02) + c12s01s13s23 sin(δ01 + δ13 − δ23)
+ c23s01s12 sin(δ01 + δ12)
)2
,
A0μτ = c201c202c213c23s203s23 exp i(−δ23)
− c201c02c13c23s02s03s12s13s23 exp i(δ03 + δ12 − δ02 − δ13 − δ23) − c201c02c12c13s02s03s223 exp i(δ03 − δ02 − 2δ23)
− c01c02c12c13c23s01s03s13s23 exp i(δ03 − δ01 − δ13 − δ23) + c01c02c13s01s03s12s223 exp i(δ03 − δ01 − δ12 − 2δ23)
− c201c02c13c23s02s03s12s13s23 exp i(δ02 + δ13 − δ03 − δ12 − δ23) + c201c23s202s212s213s23 exp i(−δ23)
+ c201c12s202s12s13s223 exp i(δ13 − δ12 − 2δ23) + c01c12c23s01s02s12s213s23 exp i(δ02 − δ12 − δ01 − δ23)
− c01s01s02s212s13s223 exp i(δ02 + δ13 − 2δ12 − δ01 − 2δ23) + c201c02c12c13c223s02s03 exp i(δ02 − δ03)
− c201c12c223s202s12s13 exp i(δ12 − δ13) − c201c212c23s202s23 exp i(−δ23) − c01c212c223s01s02s13 exp i(δ02 − δ01 − δ13)
+ c01c12c23s01s02s12s23 exp i(δ02 − δ01 − δ12 − δ23) − c01c02c12c13c23s01s03s13s23 exp i(δ01 + δ13 − δ03 − δ23)
+ c01c12c23s01s02s12s213s23 exp i(δ01 + δ12 − δ02 − δ23) + c01c212s01s02s13s223 exp i(δ01 + δ13 − δ02 − 2δ23)
+ c212c23s201s213s23 exp i(−δ23) − c12s201s12s13s223 exp i(δ13 − δ12 − 2δ23)
− c01c02c13c223s01s03s12 exp i(δ01 + δ12 − δ03) + c01c223s01s02s212s13 exp i(δ01 + 2δ12 − δ13 − δ02)
+ c01c12c23s01s02s12s23 exp i(δ12 + δ01 − δ02 − δ23) + c12c223s201s12s13 exp i(δ12 − δ13) − c23s201s212s23 exp i(−δ23),
A0eμ = c201c202c13s203s13s23 exp i(δ23 − δ13) + c201c02c213s02s03s12s23 exp i(δ02 + δ23 − δ03 − δ12)
+ c01c02c12c213s01s03s23 exp i(δ01 + δ23 − δ03) − c201c02s02s03s12s213s23 exp i(δ03 + δ12 + δ23 − δ02 − 2δ13)
− c201c13s202s212s13s23 exp i(δ23 − δ13) − c01c12c13s01s02s12s13s23 exp i(δ01 + δ12 + δ23 − δ02 − δ13)
+ c201c02c12c23s02s03s13 exp i(δ03 − δ03 − δ02 − δ13) + c201c12c13c23s202s12 exp i(−δ12)
+ c01c212c13c23s01s02 exp i(δ01 − δ02) − c01c02c12s01s03s213s23 exp i(δ03 + δ23 − δ01 − δ02 − 2δ13)
− c01c12c13s01s02s12s13s23 exp i(δ02 + δ23 − δ12 − δ01 − δ13) − c212c13s201s13s23 exp i(δ23 − δ13)
− c01c02c23s01s03s12s13 exp i(δ03 − δ01 − δ12 − δ13) − c01c13c23s01s02s212 exp i(δ02 − δ01 − 2δ12)
− c12c13c23s201s12 exp i(−δ12),
A3ss = s203,
A3se = c03s03s13 exp i(δ13 − δ03),
A3sμ = c03c13s03s23 exp i(δ23 − δ03),
A3μμ = c203c213s223,
A3eμ = c203c13s13s23 exp i(δ23 − δ13),
(15)A3μτ = c203c213c23s23 exp i(−δ23).
The non-cyclic phase may now be expressed as:
(16)Arg
(〈
νβ(0)
∣∣ exp i
h¯
t∫
0
〈E〉(t ′) dt ′ ∣∣να(t)〉
)
=
3∑
i=1
Aiααφit + Arg
( 3∑
i=0
Aiαβe
iφi t
)
.
4. Conditions imposed by CPT symmetry
Now we will show that by requiring the non-cyclic phase to be CPT invariant, further simplification is achieved.
We begin by showing that 〈νβ(0)|να(t)〉 is CPT invariant. It is a well-known fact that the CP transform of |να〉 is carried out by
replacing every entry of V with their complex conjugate. This effected the following transformation:
(17)〈νβ(0)∣∣να(t)〉→ [〈νβ(0)∣∣να(t)〉]δ→−δ.
T-transformation of 〈νβ(0)|να(t)〉 can be understood to be exchanging the role the initial neutrino flavor state with the final state:
(18)〈νβ(0)∣∣να(t)〉→ 〈να(0)∣∣νβ(t)〉,
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transform of the non-cyclic phase is as followed:
(19)Arg
(
exp i
t∫
0
〈E〉α(t ′) dt ′
〈
νβ(0)
∣∣να(t)〉
)
→ Arg
(
exp i
t∫
0
〈E〉β(t ′) dt ′
〈∣∣να(0)∣∣νβ(t)〉
)
,
implying 〈E〉s = 〈E〉e = 〈E〉μ = 〈E〉τ .
One can replace 〈E〉e, 〈E〉μ and 〈E〉τ with 〈E〉s and take advantage of its simplicity. So that ∑3i=1 Aiααφit for α = e, μ, τ can
be substituted by
∑3
i=1 Aissφi t , which is the simplest.
5. Discussion
The results obtained here is also applicable to non-cyclic phase in 3-flavor neutrinos, which mixing matrix [2] also exhibits
similar transformation properties. The simplification introduced may thus facilitate the future analysis of 3-flavor neutrino mixing
[1,2].
Similar to the 3-flavor case, the 4-flavor matrix V can also be written as a Dirac-like flavor mixing matrix multiplied by a
diagonal matrix of Majorana CP-violating phases (Xing [6]). This diagonal matrix does not contribute to the non-cyclic phase,
which therefore depends only on the Dirac phases. But if ν to ν¯ oscillation is considered, the Majorana phases would have to be
taken into consideration. Hence our formula (for the non-cyclic phase, Eq. (16)) might, in principle, help in resolving the question
of the Majorana or Dirac nature of neutrinos, through the measurement of non-cyclic phases in ν to ν¯ oscillation.
6. Conclusion
In this Letter, we compute a formula (Eq. (16)) for the non-cyclic phase for 4-flavor neutrino oscillation, which provides a way
of measuring the mixing angles and CP-violating phases if the 4-flavor model is indeed true.
We discover some transformation properties of the mixing matrix (V), eiδ23 × [(3rd row)]θ23→θ23+ π2 → (4th row), and e−iδ01 ×[(1st column)]θ01→θ01− π2 → (2nd column), which make the computation of non-cyclic phases simpler and also discussed how the
requirement of CPT symmetry in non-cyclic phases could carry this simplification even further.
Our expression for the non-cyclic phase for the 4-flavor neutrino oscillation could also be helpful as an alternative verification of
the LSND results [5], by measurement of the non-cyclic phase of the νμ to νe oscillations [5] and using it in conjunction with our
formula (Eq. (16)) to extract the relevant parameters, for example the mass differences between neutrino flavors, as a comparison.
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